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Abstract We present a detailed derivation of the re-
cently suggested new type of hill-top inflation originat-
ing from the microcanonical density matrix initial con-
ditions in cosmology driven by conformal field theory
(CFT) [arXiv:1509.07270]. The cosmological instantons
of topology S1 × S3, which set up these initial condi-
tions, have the shape of a garland with multiple periodic
oscillations of the scale factor of the spatial S3-section.
They describe underbarrier oscillations of the inflaton
and scale factor in the vicinity of the inflaton poten-
tial maximum, which gives a sufficient amount of infla-
tion required by the known CMB data. We build the
approximation of two coupled harmonic oscillators for
these garland instantons and show that they can gen-
erate inflation consistent with the parameters of the
CMB primordial power spectrum in the non-minimal
Higgs inflation model and in R2 gravity. In particular,
the instanton solutions provide smallness of inflation-
ary slow-roll parameters ǫ and η < 0 and their relation
ǫ ∼ η2 characteristic of these two models. We present
the mechanism of formation of hill-like inflaton poten-
tials, which is based on logarithmic loop corrections to
the asymptotically shift-invariant tree level potentials
of these models in the Einstein frame. We also discuss
the role of R2-gravity as an indispensable finite renor-
malization tool in the CFT driven cosmology, which
guarantees the non-dynamical (ghost free) nature of its
scale factor and special properties of its cosmological
garland type instantons. Finally, as a solution to the
problem of hierarchy between the Planckian scale and
the inflation scale we discuss the concept of a hidden
sector of conformal higher spin fields.
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1 Introduction
The problem of initial conditions in cosmology [1,2] as a
source of the inflationary scenario starts attracting at-
tention again. A considerable success in explaining the
CMB data [3,4] by amplification of primordial quan-
tum cosmological pertubations [5] in the model of R2
gravity [6] and the non-minimal Higgs inflation model
[7,8] is called in question by objections against the
origin of inflation [9]. These objections are based on
the statement that distributions of initial conditions
violate a widely accepted naturalness assumption that
all forms of inflaton energy (kinetic, gradient and po-
tential) should initially have the same Planckian scale
magnitude [10,11]. Three known sources of these dis-
tributions – pure no-boundary [1] and “tunneling” [2]
quantum states of the Universe and the Fokker-Planck
equation for coarse-grained cosmological evolution [12]
– in their turn suffer from intrinsic difficulties associated
with a missing clear canonical quantization ground, in-
sufficient amount of generated inflation, anthropic (ob-
server dependence) problems [13] and rather contrived
multiverse measure problem [14], etc.
The goal of this work is to give a detailed deriva-
tion of a recently suggested new model of hill-top infla-
tion [15] in the theory of CFT driven cosmology [16,17]
which is likely to circumvent the difficulties of the above
type. This theory represents the synthesis of two main
ideas – new concept of the cosmological microcanoni-
cal density matrix as the initial state of the Universe
and application of this concept to the system with a
large number of quantum fields conformally coupled to
2gravity. It plays an important role within the cosmolog-
ical constant and dark energy problems. In particular,
its statistical ensemble is bounded to a finite range of
values of the effective cosmological constant, it incor-
porates inflationary stage and is potentially capable of
generating the cosmological acceleration phenomenon
within the so-called Big Boost scenario [16,18]. More-
over, as was noticed in [19], the CFT driven cosmology
provides perhaps the first example of the initial quan-
tum state of the inflationary Universe, which has a ther-
mal nature of the primordial power spectrum of cosmo-
logical perturbations [20]. This suggests a new mecha-
nism for the red tilt of the CMB anisotropy, comple-
mentary to the conventional mechanism which is based
on a small deviation of the inflationary expansion from
the exact de Sitter evolution [5].
This setup has a clear origin in terms of operator
quantization of gravity theory in the Lorentzian sig-
nature spacetime and is based on a natural notion of
the microcanonical density matrix as a projector on the
space of solutions of the quantum gravitational Dirac
constraints – the system of the Wheeler-DeWitt equa-
tions [17,21]. Its statistical sum has a representation
of the Euclidean quantum gravity (EQG) path integral
[16,17]
Z =
∫
periodic
D[ gµν , Φ ] e
−S[ gµν ,Φ ], (1)
over metric gµν and matter fields Φ which are periodic
on the Euclidean spacetime with a time compactified
to a circle S1.
As shown in [16,17], this statistical sum is approx-
imately calculable and has a good predictive power in
the gravitational model with the primordial cosmolog-
ical constant Λ and the matter sector which mainly
consists of a large number N of free (linear) fields φ
conformally coupled to gravity – conformal field theory
(CFT) with the action SCFT [ gµν , Φ ],
S[ gµν , Φ ] = −M
2
P
2
∫
d4x g1/2 (R− 2Λ)
+SCFT [ gµν , Φ ]. (2)
Important point, which allows one to overstep the limits
of the usual semiclassical expansion, consists here in the
possibility to omit the integration over conformally non-
invariant matter fields and spatially-inhomogeneous met-
ric modes on top of a dominant contribution of numer-
ous conformal species. Integrating them out one obtains
the effective gravitational action Seff [ gµν ] which differs
from (2) by SCFT [ gµν , Φ ] replaced with ΓCFT [ gµν ] –
the effective action of Φ on the background of gµν ,
e−ΓCFT [ gµν ] =
∫
DΦe−SCFT [ gµν ,Φ ], (3)
On Friedmann-Robertson-Walker (FRW) background
this action is exactly calculable by using the local con-
formal transformation to the static Einstein universe
and well-known local trace anomaly. The resulting
ΓCFT [ gµν ] turns out to be the sum of the anomaly con-
tribution and free energy of conformal matter fields on
the sphere S3 at the temperature determined by the
circumference of the compactified time dimension S1.
1 This is the main calculational advantage provided by
the local Weyl invariance of Φ conformally coupled to
gµν .
Physics of the CFT driven cosmology is entirely de-
termined by this effective action. Solutions of its equa-
tions of motion, which give a dominant contribution to
the statistical sum, are the cosmological instantons of
S1×S3 topology, which have the Friedmann-Robertson-
Walker metric
gFRWµν dx
µdxν = N2(τ) dτ2 + a2(τ) d2Ω(3) (4)
with a periodic lapse function N(τ) and scale factor
a(τ) – functions of the Euclidean time belonging to the
circle S1 [16]. These instantons serve as initial condi-
tions for the cosmological evolution aL(t) in the physi-
cal Lorentzian spacetime. The latter follows from a(τ)
by analytic continuation aL(t) = a(τ∗+ it) at the point
of the maximum value of the Euclidean scale factor
a+ = a(τ∗). The fact that these instantons exist only in
the finite range of Λ implies the restriction of the mi-
crocanonical ensemble of universes to this range, which
from the viewpoint of string theory can be interpreted
as the solution of the landscape problem for stringy
vacua.
As was originally mentioned in [18] this scenario can
incorporate a finite inflationary stage if the model (2)
is generalized to the case when Λ is replaced by a com-
posite operator Λ(φ) = V (φ)/M2P – the potential of the
inflaton φ slowly varying during the Euclidean and in-
flationary stages and decaying in the end of inflation by
a usual exit scenario. The goal of this paper is to develop
such a generalization which starts with the replacement
of (2), S[ gµν , Φ ]→ S[ gµν , φ, Φ ], by the action with the
1Note that in previous works on trace anomaly applications
in cosmology the contribution of the static Einstein universe
was either restricted to the case of the vacuum state (Casimir
energy) [22] or recovered for a particular value of integration
constant in the stress tensor conservation law [23,24]. Here
it follows directly from the density matrix prescription for
the initial state of the Universe, which endows the Einstein
universe with the radiation gas of CFT particles and makes
our setting of the problem essentially different from previous
studies.
3inflaton field,
S[ gµν , φ, Φ ] =
∫
d4x g1/2
(
−M
2
P
2
R
+
1
2
(∇φ)2 + V (φ)
)
+ SCFT [ gµν , Φ ], (5)
whose potential V (φ) simulates the effect of the pri-
mordial cosmological constant. Under this replacement
the restriction of the primordial cosmological constant
range of the above type, Λ(φ) = V (φ)/M2P , becomes a
selection of the range of φ or fixation of the initial condi-
tions for inflation. These initial conditions is a principal
goal of this paper.
As we will see CFT driven cosmology realizes these
initial conditions in the form of the new type of hill-top
inflation originating from the underbarrier oscillations
of the inflaton φ and the scale factor a in the vicinity of
local maxima of V (φ). Thus, these initial conditions are
not the Planckian scale parameters introduced by hands
from some ad hoc arguments of naturalness [10,9], but
rather become derivable from microcanonical partition
function as calculable parameters of the corresponding
saddle point configurations.
Dynamical nature of the physical mode simulating
the effect of the cosmological constant has also another
important implication. The properties of instantons in
the CFT driven cosmology critically depend on the van-
ishing of one of the conformal anomaly parameters (the
coefficient of R). It is renormalization ambiguous, be-
cause it can be arbitrarily changed by the addition of
the local R2 term, and therefore can be renormalized to
zero to provide needed properties of CFT initial condi-
tions [16,15]. Quite interestingly, this finite renormal-
ization goes beyond an ad hoc assumption of [16] and
can be a result of inclusion of the StarobinskyR2 model,
one part of which would provide this renormalization in
the anomaly part of the action and the other part would
give a scalar mode simulating the effect of the inflaton
field – effective cosmological term decaying at the exit
from inflation.
The plan of the paper is as follows. In Sect.2 we
overview the model of CFT driven cosmology with a
fundamental cosmological constant. Sect.3 is devoted
to the generalization of this model to the case of the
dynamical inflaton field minimally coupled to gravity.
It suggests the approximation of coupled harmonic os-
cillators for cosmological instantons in the regime of the
Euclidean “slow roll”, which set up initial conditions for
inflation in physical spacetime, starting in the vicinity
of the top of the inflaton potential. Sect.4 demonstrates
formation of the relevant hill-like effective potential in
the model of Higgs inflation with a strong non-minimal
coupling of the inflaton to the scalar curvature. In Sect.
5 a similar mechanism is discussed for the Starobinsky
model of R2-gravity which is shown to play a double
role in the CFT scenario: finite renormalization of the
quantum effective action, which provides special prop-
erties of the cosmological instantons, and generation of
the dynamical inflaton feeding the CFT scenario with
the hill-like potential. Sect.6 contains an attempt to
solve the hierarchy problem in the CFT cosmology by
using a hidden sector of numerous conformal higher
spin fields and the concluding Sect.7 briefly discusses
observational prospects of the model. Two appendices
contain technical details of the harmonic oscillator ap-
proximation and its Euclidean “slow-roll” regime.
2 Model with a fundamental cosmological
constant
For cosmology with S1×S3 topology and FRW metric
(4) its effective action Seff [ g
FRW
µν ] ≡ Seff [ a,N ] reads
[16]
Seff [ a,N ] = 6π
2M2P
∫
S1
dτ N
{
−aa′2 − a+ Λ
3
a3
+B
(
a′2
a
− a
′4
6a
)
+
B
2a
}
+ F (η), (6)
F (η) = ±
∑
ω
ln
(
1∓ e−ωη), (7)
η =
∫
S1
dτN
a
, (8)
where a′ ≡ da/Ndτ . The first three terms in curly
brackets of (6) represent the Einstein action with a fun-
damental cosmological constant Λ ≡ 3H2 (H is the cor-
responding Hubble parameter). The constant B is a co-
efficient of the contributions of the conformal anomaly
and vacuum (Casimir) energy (B/2a) on a conformally
related static Einstein spacetime mentioned in Intro-
duction. This constant,
B =
β
8π2M2P
, (9)
expresses via the coefficient β of the Gauss-Bonnet term
E = R2µναγ − 4R2µν + R2 in the trace anomaly of con-
formal matter fields
gµν
δΓ
δgµν
=
1
4(4π)2
g1/2
(
αR+ βE + γC2µναβ
)
. (10)
It should be emphasised here that this effective action
is independent of the anomaly coefficients α and γ, be-
cause it is assumed that α is renormalized to zero by a
local counterterm,
ΓCFT → ΓRCFT ≡ ΓCFT +
α
384π2
∫
d4x g1/2R2. (11)
4This guarantees absence of higher derivative terms in
(6) – non-ghost nature of the scale factor – and simulta-
neously gives the renormalized Casimir energy a partiu-
lar value proportional to B/2 = β/16π2M2P [25]. Both
of these properties are critically important for the in-
stanton solutions of effective equations. The coefficient
γ of the Weyl tensor term C2µναβ does not enter (6) be-
cause Cµναβ identically vanishes for any FRW metric.
Finally, F (η) is the free energy of conformal fields
also coming from this Einstein space – a typical boson
or fermion sum over CFT field oscillators with energies
ω on a unit 3-sphere, η playing the role of the inverse
temperature — an overall circumference of S1 in the
S1 × S3 instanton, calculated in units of the conformal
time (8).
The statistical sum (1) is dominated by the solutions
of the effective equation, δSeff/δN(τ) = 0, which in the
gauge N = 1 reads
− a˙
2
a2
+
1
a2
−B
(
a˙4
2a4
− a˙
2
a4
)
=
Λ
3
+
C
a4
, a˙ =
da
dτ
, (12)
C =
B
2
+
1
6π2M2P
dF
dη
, (13)
dF
dη
=
∑
ω
ω
eωη ∓ 1 . (14)
This is the modification of the Euclidean Friedmann
equation by the anomalous B-term and the radiation
term C/a4. The constant C here characterizes the sum
of the Casimir energy and the energy of thermally ex-
cited particles with the inverse temperature η given by
(8).
This quadratic equation (12) can be solved for a˙2,
a˙2 =
√
(a2 −B)2
B2
+
2H2
B
(a2+ − a2)(a2 − a2−)
−a
2 −B
B
, (15)
a2± ≡
1±√1− 4CH2
2H2
, (16)
to give a periodic oscillation of a between its maximal
and minimal values a±, provided that at a− we have
a turning point with a vanishing a˙, which means that
a2− > B. This inequality immediately yields the first
two restrictions on the range of H2 and C
H2 ≤ 1
2B
, (17)
C ≥ B −B2H2, (18)
whereas the third one follows from the requirement of
reality of turning points a±,
C ≤ 1
4H2
. (19)
As shown in [16,17,19] the solutions of this integro-
differential equation2 give rise to the set of periodic
S3 × S1 instantons with the oscillating scale factor –
garlands that can be regarded as the thermal version
of the Hartle-Hawking instantons. The scale factor os-
cillates m times (m = 1, 2, 3, ...) between the maximum
and minimum values (16), a− ≤ a(τ) ≤ a+, so that
the full period of the conformal time (8) is the 2m-
multiple of the integral between the two neighboring
turning points of a(τ), a˙(τ±) = 0,
η = 2m
∫ a+
a−
da
a′a
. (20)
This value of η is finite and determines effective tem-
perature T = 1/η as a function of G = 1/8πM2P and
Λ = 3H2. This is the artifact of a microcanonical en-
semble in cosmology [17] with only two freely specifi-
able dimensional parameters — the gravitational and
cosmological constants.
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Fig. 1 Band range of garland instantons formed by projec-
tions ∆m of their m-folded one-parameter families onto the
axis of Λ = 3H2.
According to (17) these garland-type instantons ex-
ist only in the limited range of the cosmological con-
stant Λ = 3H2 [16]. In view of (18) and (19) they be-
long to the curvilinear domain in the two-dimensional
plane of the Hubble constant H2 and the amount of
radiation constant C (each instanton being represented
by a point in this plane). In this domain they form a
countable,m = 1, 2, ..., sequence of one-parameter fam-
ilies – curves interpolating between the lower straight
2Note that the constant C is a nonlocal functional of the his-
tory a(τ) – Eq.(13) plays the role of the bootstrap equation
for the amount of radiation determined by the background
on top of which this radiation evolves and produces back re-
action.
5line boundary C = B − B2H2 and the upper hyper-
bolic boundary C = 1/4H2. Each curve corresponds
to a respective m-folded instantons of the above type.
Therefore, the spectrum of admissible values of Λ has
a band structure, each band being a projection of the
m’th curve to the H2 axis. The sequence of bands of
ever narrowing widths with m → ∞ accumulates at
the upper bound of this range H2max = 1/2B. The lower
bound H2min – the lowest point ofm = 1 family – can be
obtained numerically for any field content of the model.
For a large number of conformal fields N, and there-
fore a large β ∝ N, the both bounds are of the order
m2P /N. Thus the restriction (17) suggests a kind of 1/N
solution of the cosmological constant problem, because
specifying a sufficiently high number of conformal fields
one can achieve a primordial value of Λ well below the
Planck scale where the effective theory applies, but high
enough to generate a sufficiently long inflationary stage.
3 Minimally coupled scalar field inflaton in
CFT cosmology
Generalization of the action (2) to the effective Λ gen-
erated by a scalar field implies the transition from the
effective minisuperspace action (6) to
Γ [ a,N, φ ] = 6π2M2P
∮
dτ N
{
− aa′2 − a
+B
(
a′2
a
− a
′4
6a
+
1
2a
)
+
a3
3M2P
(
V (φ) +
1
2
φ′2
)}
+F (η), a′ =
1
N
da
dτ
, φ′ =
1
N
dφ
dτ
, (21)
which leads to the replacement
H2 → H2 = 1
3M2P
(
V (φ)− φ˙
2
2
)
(22)
in the effective Friedmann equation (12) and to the ori-
gin of dynamical equation for the inflaton φ,
− a˙
2
a2
+
1
a2
−B
(
a˙4
2a4
− a˙
2
a4
)
=
1
3M2P
(
V − 1
2
φ˙2
)
+
C
a4
, (23)
1
a3
d
dτ
(
a3φ˙
)− ∂V
∂φ
= 0. (24)
The possibility of existence of periodic solutions of
this system of equations qualitatively follows from count-
ing its integration constants. Because of the fact that
Eq.(23) is of the first order in derivatives, their number
is three – the initial value of the inflaton φ0 at some
τ = τ0, its initial time derivative φ˙0 and the initial vale
of the scale factor a0. Thus the solution has the form
φ(τ) = Φ(τ |φ0, φ˙0, a0), a(τ) = A(τ |φ0, φ˙0, a0). (25)
Requirement of periodicity with some period T implies
the following equations
Φ(τ0 + T |φ0, φ˙0, a0) = φ0,
d
dT
Φ(τ0 + T |φ0, φ˙0, a0) = φ˙0,
A(τ0 + T |φ0, φ˙0, a0) = a0. (26)
From these three equations one can determine three
initial condition parameters as functions of the period,
φ0, φ˙0, a0 = φ0(T ), φ˙0(T ), a0(T ), (27)
which are locally unique provided the nonvanishing Ja-
cobian ∂(Φ, Φ˙, A)/∂(φ0, φ˙0, a0) 6= 0.
The period T does not remain a free parameter,
because of the additional requirement. Analytical con-
tinuation of the Euclidean solution to the real solution
in the Lorentzian time τ = τ∗ + it requires that time
derivatives of φ(τ) and a(τ) at τ∗ vanish. The existence
of such τ∗ is guaranteed for one of the variables, say
Φ(τ |φ0(T ), φ˙0(T ), a0(T ) ), Φ˙(τ∗ |φ0(T ), φ˙0(T ), a0(T ) ) =
0, in view of its periodic motion away from φ0 and back
to φ0 during the period of oscillations. Now if we de-
mand that at the same moment the time derivative of
a(τ) is also zero, then we get the equation for T ,
A˙(τ∗ |φ0(T ), φ˙0(T ), a0(T ) ) = 0, (28)
which gives a locally unique solution T = T (τ∗). This
counting of constants of motion guarantees that, if some
approximate periodic solution satisfying the condition
of Euclidean-Lorentzian junction exists, then perturba-
tion theory will guarantee the periodicity of perturbed
solution. Let us construct such an approximate solu-
tion which will serve as a lowest order of perturbation
theory for the exact periodic trajectory.
To begin with, note that periodicity imposes a re-
striction on the shape of the potential V (φ) – integra-
tion of Eq.(24) over the period gives∮
dτ a3
∂V
∂φ
= 0. (29)
This implies that the gradient of V changes sign at some
point φ0,
∂V (φ0)
∂φ0
≡ V ′0 = 0, (30)
so that inflaton oscillations occur in the vicinity of the
extremum of V . Critical point is that these oscilla-
tions can take place only in the vicinity of the potential
maximum in the underbarrier regime, which is shown
schematically in Fig.2. This follows from a simple fact
that our equations of motion are in Euclidean time, and
they admit periodic oscillations of the scale factor only
in the Euclidean time. Therefore, inflaton oscillations
take place also in the underbarrier regime, which im-
plies the vicinity of a potential maximum.
6Fig. 2 Picture of hill-top inflation: underbarrier oscillations
indicated by waverly line give rise to inflationary slow roll at
the turning point φ∗.
Critical difference from the tunneling prescription of
[1,2] here is that selection of the inflaton potential max-
ima follows not from the properties of the probability
distribution, but from the requirement of a periodic so-
lution for a saddle point of the partition function path
integral. This solution gives rise to a new type of hill-
top inflation which starts at the turning point φ∗ on
the slope of the potential close to its maximum.
3.1 Harmonic oscillator approximation
It is obvious that solutions described above for a con-
stant primordial Λ remain approximately true for the
system of equations (23)-(24) when the inflaton field
and its effective cosmological “constant” (22) do not
vary much and their variations are not rapid. This is
consistent with sufficiently slow variations of the scale
factor, because from the inflaton equation of motion
(24) it follows that the relevant rate of change of (22)
is also small for small φ˙ and a˙,
d
dτ
(
V − φ˙
2
2
)
= 3
a˙
a
φ˙2. (31)
If we disregard the friction term in (24) and expand
the potential in the vicinity of its maximum at φ0,
V (φ) ≃ V0 − 1
2
µ2(φ− φ0)2, V0 = V (φ0),
µ2 = −d
2V (φ0)
dφ20
≡ −V ′′0 > 0, (32)
small oscillations of φ will be nearly harmonic,
φ¨+ µ2(φ− φ0) ≃ 0, (33)
φ = φ0 −∆φ cos(µτ), (34)
with some amplitude ∆φ = φ0−φ∗, where φ∗ is a turn-
ing point shown on Fig.2.
A related quasi-harmonic behaviour of the scale fac-
tor is analytically available for solutions close to the up-
per hyperbolic boundary of the domain (19) of Fig.1.
In a small vicinity of this boundary smallness of a˙ is
guaranteed, because at C = 1/4H2 the scale factor
is pinched between the coincident a− and a+, a(τ) =
a− = a+. If we use the notations introduced in [27]
ε = 1− 2BH2, 0 ≤ ε ≤ 1, (35)
∆ ≡ dε =
√
1− 4CH2, 0 ≤ ∆ ≤ ε, (36)
then the proximity to the upper boundary is determined
by smallness of ∆, ∆≪ 1. In these variables the admis-
sible domain of solutions looks as a unit triangle (the
quadrangle in terms of the quantities ε and d ≡ ∆/ε of
[27]) and the scale factor oscillating between the turn-
ing points a± can be parameterized by the variable y
running between −1 and 1 according to
a2
B
=
1 + y∆
1− ε . (37)
In terms of y the equation (15) for a˙2 reads as
a˙2 =
∆2
ε
(1− y2)
× 1[
(1 + y∆ε )
2 + (∆ε )
2(1− ε)(1− y2) ]1/2 + 1 + ∆yε .(38)
All these equations hold also for the inflaton model. In
this case the parameters ε and ∆, depending on H2,
become the functions of time. However, if they are suf-
ficiently slowly varying, time derivatives ε˙ and ∆˙ can
be disregarded. Then the above equation for a˙ reads as
the equation for y˙
y˙2 =
1− ε
εB
(1− y2)
× 1 + y∆[
(1 + y∆ε )
2 + (∆ε )
2(1− ε)(1− y2) ]1/2 + 1 + ∆yε .(39)
Therefore, in the domain of small ∆
∆≪ ε, (40)
where
1 + y∆[
(1 + y∆/ε)2 + (∆/ε)2(1− ε)(1 − y2) ]1/2 + 1 + y∆/ε
=
1
2
+O
(
∆
ε
)
, (41)
the variable y describes a harmonic oscillator with a
slowly varying frequency ω and a unit amplitude,
y˙2 + ω2y2 = ω2, (42)
ω2 = 2
1− ε
εB
=
4H2
1− 2BH2 , (43)
y = cos(ωτ), (44)
7so that
a2 =
1
2H2
+
∆
2H2
cos(ωτ). (45)
Conditions of applicability of this approximation,
that should guarantee smallness of the friction term in
the inflaton oscillator and a small change of ε and H
during the period of oscillation 2π/ω, are
| φ¨ | ≫
∣∣∣∣ 3 a˙a φ˙
∣∣∣∣ , (46)
ωH2 ≫
∣∣∣∣ ddτ H2
∣∣∣∣ = 13M2P
∣∣∣∣∣ ddτ
(
V − φ˙
2
2
)∣∣∣∣∣
=
1
M2P
∣∣∣∣ a˙a φ˙2
∣∣∣∣ . (47)
Since a˙/a ∼ ω∆/2, these bounds lead to
µ≫ ω∆, (48)
W∆≪ 1, (49)
where we have introduced the notation
W ≡ φ˙
2
2M2PH
2
∼ ∆
2
φ
M2P
µ2
H2
, (50)
In addition to the above bounds we also need a small
rate of change of ε and ∆ necessary for the transition
from Eq.(38) to Eq.(39). Smallness of ε˙ is guaranteed
by the bound (49) derived above,
∆2φ
M2P
µ2
H2
≪ 1
∆
, (51)
whereas a small |∆˙| ≪ ω∆ requires a much stronger
bound, because ∆˙ ≃ −(1/∆)Wa˙/a ∼Wω ≪ ω∆ or
∆2φ
M2P
µ2
H2
≪ ∆. (52)
Interestingly, the last bound – smallness of ∆˙ – can
be replaced by the opposite limit W ≫ ∆. For large
∆˙ Eq.(39) does not hold, and oscillations of y become
strongly anharmonic. However, as shown in Appendix
A, the period of these oscillations remains the same
2π/ω and y behaves as y ≃ ∣∣ sin ωτ2 ∣∣ provided the func-
tion (50) is slowly varying compared to the oscillations
of the scale factor, W˙ ≪ ωW . This leads to the extra
bound on µ, µ ≪ ω, so that together with (48) the
frequency of inflaton oscillations µ belongs to a limited
range
ω∆≪ µ≪ ω, (53)
which is nonempty for assumed values of ∆≪ 1.
Thus, the inflaton field and the scale factor repre-
sent two coupled quasi-harmonic oscillators with fre-
quencies µ and ω. Periodicity of their motion implies
their frequencies to be commensurable
mµ = nω, (54)
where m and n are some integer numbers. Therefore,
from the definition (43) of the frequency ω it follows
that
H2 =
1
2B + 4n2/µ2m2
. (55)
Thus the approximation of two coupled oscillators
works for a wide range of instantons lying close to the
upper hyperbolic boundary even when the parameter∆
is rapidly varying in time – as fast as the the scale factor
and violating the bound (52). The lower bound for µ in
(53) implies fast oscillations of a with a slower motion
of φ, m ≫ n ≥ 1. This conclusion is also confirmed by
considering the slow roll smallness parameters for the
inflation stage originating from the transition through
the turning point φ∗.
3.2 Inflation stage and its slow roll parameters
Hill-top inflation histories in Lorentzian time, φL(t) and
aL(t), originate by analytic continuation of the Eu-
clidean solutions (34) and (45) to τ = 2mπ/ω + it,
where m ≫ 1 is the number of oscillations of the scale
factor in the garland instanton. For a small time t the
linearized Lorentzian solutions read
φL(t) = φ0 −∆φ cosh(µt), (56)
a2L(t) =
1
2H2
+
∆
2H2
cosh(ωt), ωt≪ 1, (57)
while at later times nonlinear effects start dominating,
so that the Lorentzian version of the nonlinear equation
(23) with Λ replaced by the dynamical inflaton energy
density,
Λ→ 1
M2P
(
V (φL) +
φ˙2L
2
)
≡ ρφ
M2P
, (58)
enters the stage. This equation can be rewritten in the
manifestly Friedmann form with the effective Planck
mass Meff(ρ) depending on the full matter density ρ,
a˙2L
a2L
+
1
a2L
=
ρ
3M2eff(ρ)
, (59)
M2eff(ρ) =
M2P
2
(
1 +
√
1− β ρ
12π2M4P
)
, (60)
and ρ together with the inflaton energy density ρφ in-
cludes the primordial radiation of the CFT cosmology
[18]
ρ = ρφ +
R
a4L
,
R = 3M2P
(
C − B
2
)
=
1
2π2
∑
ω
ω
eηω ∓ 1 . (61)
8The further evolution for large t consists in the fast
quasi-exponential expansion during which the primor-
dial radiation gets diluted, the inflaton field decays by a
conventional exit scenario and goes over into the quanta
of conformally non-invariant fields produced from the
vacuum. They get thermalized and reheated to give a
new post-inflationary radiation. Thus the primordial ra-
diation of numerous conformal species and the inflaton
energy get replaced with the radiation of non-conformal
particles, ρ → ρrad, which give rise to the radiation
dominated Universe. With ρrad dropping down below
the sub-Planckian energy scale, ρrad ≪ M4P /β, the ef-
fective Planck mass (60) tends to its Planckian value,
Meff(ρ)→MP , and one obtains a standard general rel-
ativistic inflationary scenario for which the initial con-
ditions were prepared by our CFT garland instanton
[18,19].
The parameters of this inflation scenario are deter-
mined by the properties of the inflaton potential at the
nucleation point φ∗ = φ(τ∗). For the quadratic poten-
tial (32) at τ∗ we have φ∗ = φ0−∆φ and V∗ ≡ V (φ∗) =
3M2PH
2 in view of φ˙∗ = 0. Therefore the expressions
for inflationary slow roll parameters at this point read
η∗ ≡M2P
V ′′∗
V∗
= − µ
2
3H2
, (62)
ǫ∗ ≡ M
2
P
2
(
V ′∗
V∗
)2
=
1
2
(
∆φ
MP
)2(
µ2
3H2
)2
. (63)
Note that they are related by the equation
ǫ∗ =
1
2
(
∆φ
MP
)2
η2∗, (64)
which implies for ∆φ ∼MP the typical relation η∗ ∼ ǫ2∗
for slow roll parameters in the Starobinsky model [6]
or in the model with a non-minimally coupled inflaton
[26].
With H given by (55) the second slow roll smallness
parameter (62),
| η∗| = 2
3
Bµ2 +
4
3
n2
m2
, (65)
fails to be small unless Bµ2 ≪ 1 and m2 ≫ n2. This
gives additional ground for the scale factor oscillations
to be much faster than those of the inflaton, m ≫ n,
and we consider this limit below.
3.3 Fast oscillations of the scale factor
For m ≫ n ≥ 1 the number m of the scale factor os-
cillations during the full period means that we consider
m-fold instanton garland for which the energy scale is
very close to the upper bound of the range (17) [16]
H2 ≃ 1
2B
(
1− ln
2m2
2π2m2
)
. (66)
The Euclidean solutions of the CFT cosmology in this
limit can be called slow-roll ones, because the rate of
change of the scale factor is much higher than that of
the inflaton field. The Euclidean version of the slow-
roll regime is, however, rather peculiar, because in con-
trast to the Lorentzian case with monotonically chang-
ing variables here the scale factor and inflaton are oscil-
lating functions of time. The details of these solutions
including, in particular, the derivation of this asymp-
totics for H2 (first given in [16]) are presented in Ap-
pendix B. Here we give a simplified overview of these
solutions and their relation to the conventional slow roll
parameters of inflation in Lorentzian theory.
Comparison of (66) with (55) implies that
n2 ≃ Bµ
2
4π2
ln2m2. (67)
Since n ≥ 1 the lower bound onm is exponentially high,
and the ratio n/m in (65) becomes exponentially small,
m ≥ epi/
√
Bµ2 , (68)
n
m
≃
√
Bµ2
2π
1
m
lnm2 ≤ e−pi/
√
Bµ2 . (69)
As a result the solution becomes very close to the up-
per quantum gravity scale – the cusp of the curvilinear
triangle on Fig.1 and the corresponding slow roll small-
ness parameter (65) expresses in terms of the quantity
Bµ2 = B|V ′′∗ |,
H2 ≃ 1
2B
, η∗ ≃ −2
3
Bµ2. (70)
In view of the known CMB data for ns = 1−6ǫ∗+2η∗ ≃
1+2η∗ ≃ 0.96, this quantity is thus supposed to be also
very small, Bµ2 ∼ 0.01. Now, bearing in mind that
∆ ≤ ε with
ε ≃ ln
2m2
2π2m2
≤ 2
Bµ2
e−2pi/
√
Bµ2 , (71)
we have the admissible range of∆,∆ ≤ 2Bµ2 e−2pi/
√
Bµ2 .
This range is, however, further reduced by the require-
ment of the harmonic oscillator approximation (40),
∆≪ ε, and finally reads
∆≪ 2
Bµ2
e−2pi/
√
Bµ2 . (72)
This bound is stronger than the requirement of a valid
harmonic oscillator approximation (48), µ ≫ ω∆, or
∆2 ≪ ε µ24H2 ≃ εBµ
2
2 , which reads as ∆ ≪ e
− pi√
Bµ2 ,
because in the full range of values of Bµ2 the last bound
is higher than (72) by the factor of Bµ
2
2 e
pi/
√
Bµ2 ≥
pi2e2
2 ≫ 1.
This establishes the range of the amplitude of scale
factor oscillations∆. To match with the slow roll small-
ness parameter η∗ ∼ −0.01 it should be exponentially
9small
∆≪ 4
3|η∗|e
−2√2pi/
√
3|η∗|. (73)
Below we will estimate the bound on the first smallness
parameter ǫ∗ in the CFT cosmology modelling initial
conditions for the non-minimal Higgs inflation. It re-
quires the knowledge of the amplitude of the inflaton
field oscillations ∆φ. As we will see, this amplitude will
have a typical sub-Planckian value, so that a typical re-
lation ǫ∗ ∼ η2∗ characteristic of the Starobinsky model
or the model of the non-minimal Higgs inflation will
hold and signify that ǫ∗ adds a negligible contribution
to the CMB spectral parameter and provides a very
small tensor to scalar ratio r = 16ǫ∗.
4 Non-minimal Higgs inflation: the mechanism
of hill like inflaton potential
In what follows we want to advocate that the CFT
cosmology can serve as a source of initial conditions
for the non-minimally coupled Higgs inflation model [7,
28] which, together with the Starobinsky model of R2-
inflation [6], is considered as one of the most promising
models fitting the CMB data [3,4]. There is a twofold
reason for that because, firstly, the Higgs inflation model
at the quantum level has a natural mechanism of form-
ing a hill-top potential and, secondly, it provides a rela-
tion ε∗ ∼ η2∗ ≪ |η∗|, η∗ < 0, which establishes a strong
link between the observable value of the CMB spectral
parameter
ns = 1− 6ǫ∗ + 2η∗ ≃ 1 + 2η∗ ≃ 0.96 (74)
and the value of the Higgs mass discovered at LHC [8,
29,30,31]. This relation, as we will see below, will be
provided by the bound on the amplitude of the inflaton
oscillations ∆φ in the underbarrier regime.
The inflationary model with a non-minimally cou-
pled Higgs-inflaton H , ϕ2 = H†H , as any other semi-
classical model, has a low-derivative part of its effective
action (appropriate for the inflationary slow-roll sce-
nario),
ΓHiggs[ gµν , ϕ ] =
∫
d4x g1/2
(
V (ϕ) − U(ϕ)R(gµν)
+
1
2
G(ϕ) (∇ϕ)2
)
. (75)
Its coefficient functions contain together with their tree-
level part the logarithmic loop corrections and include
the dependence on the UV normalization scale µ,
V (ϕ) =
λ
4
ϕ4 +
λA
128π2
ϕ4 ln
ϕ2
µ2
, (76)
U(ϕ) =
M2P
2
+
ξϕ2
2
+
C
32π2
ϕ2 ln
ϕ2
µ2
, (77)
G(ϕ) = 1 +
F
32π2
ln
ϕ2
µ2
. (78)
Numerical coefficients A,C,F are determined by con-
tributions of quantum loops of all particles and repre-
sent beta functions of the corresponding running cou-
pling constants – quartic self-coupling λ, non-minimal
coupling of the Higgs field to curvature ξ – and anoma-
lous dimension of ϕ. In the one-loop approximation
these logarithmic corrections comprise the Coleman-
Weinberg potential for the Higgs inflaton and the rele-
vant correction to the non-minimal curvature coupling.
When ξ ≫ 1 the inflationary stage and the correspond-
ing CMB parameters critically depend only on A and
the part of C linear in ξ, C = 3ξλ [8,28]. Other coeffi-
cients, the normalization scale µ inclusive, are irrelevant
in the leading order of the slow roll expansion.
Inflation and its CMB are easy to analyze in the
Einstein frame of fields gˆµν , φ, in terms of which the
action (75)
ΓHiggs[ gµν , ϕ ] = ΓˆHiggs[ gˆµν , φ ]
≡
∫
d4x gˆ1/2
(
Vˆ (φ) − M
2
P
2
R(gˆµν) +
1
2
(∇ˆφ)2
)
(79)
has a minimal coupling of the inflaton to curvature,
Uˆ = M2P /2, a canonical normalization of the inflaton
field, Gˆ = 1, and a new inflaton potential,
Vˆ (φ) =
(
M2P
2
)2
V (ϕ)
U2(ϕ)
∣∣∣∣∣
ϕ=ϕ(ϕˆ)
. (80)
These Einstein frame fields are related to the Jordan
frame of Eq.(75) by the equations
gˆµν =
2U(ϕ)
M2P
gµν ,
(
dφ
dϕ
)2
=
M2P
2
GU + 3U ′2
U2
. (81)
Due to the presence of leading logarithmic terms
the Einstein frame potential starts decreasing to zero
for large values of ϕ,
Vˆ (φ) ≃ π
2M4P
9λ
A
ξ2 ln(ϕ/µ)
→ 0, ϕ→∞. (82)
In this limit the original Jordan frame field ϕ and the
Einstein frame field φ are related by ϕ ≃ MP√
ξ
eφ/
√
6MP ,
so that this asymptotics looks like Vˆ (φ) ≃ pi2
√
6
9λξ2φAM
5
P →
0, φ → ∞. Of course, this behavior cannot be ex-
trapolated to infinity, because semiclassical expansion
fails at transplanckian energies, but the maximum of
the potential, which is reached at some φ¯, Vˆ ′(φ¯) = 0,
10
ϕ¯2 ≃ µ2 exp (16π2/3λ), corresponds for ξ ≫ 1 to a
small subplanckian value of energy
Vˆ (φ¯) ≃ A
96 ξ2
M4P ≪M4P . (83)
Therefore the potential starts bending down in the do-
main where the semiclassical expansion is still applica-
ble and where it acquires a shape of suitable for our
hill-top inflation scenario.
In fact a similar qualitative behavior holds in any or-
der of loop expansion, because in the leading logarithm
approximation of l-th loop order both V (ϕ) and U(ϕ)
grow like l-th power of the logarithm while their ratio
V/U2 in the Einstein frame potential (80) decreases like
(ln(ϕ/µ))−l. This property was confirmed numerically
within RG resummation of leading logarithms in [28]
in the model of non-minimal Higgs inflation, which is
illustrated by the plot of Vˆ on Fig.3.
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Fig. 3 Hill-like shape of the renormalization group improved
effective potential in the non-minimal Higgs inflation model
as a function of the logarithmic scale with the Higgs field
ϕ in units of the top quark mass Mt [28]. Higgs mass value
MH = 134.27 GeV compatible with the CMB data at the
one-loop order [28] at the two-loop order matches with the
currently observed at LHC value MH ≃ 126 GeV [31]. The
inflation domain is marked by dashed lines.
The logic of application of our hill-top scenario to
the non-minimal Higgs inflation model implies a set of
careful transitions between the original Jordan frame
and the Einstein frame on the FRW background. We
start with the full action containing the Einstein-Hilbert
part, the non-minimal Standard model part and the
large N CFT part
S[ gµν , H, ...Φ ] = SEH+SM [ gµν , H, ... ]
+SCFT [ gµν , Φ ], (84)
where
SEH+SM [ gµν , H, ... ] =
∫
d4x g1/2
(
λϕ4
4
−M
2
P + ξϕ
2
2
R+
1
2
(∇ϕ)2 + ...
)
(85)
includes the contributions of the Higgs field ϕ2 ≡ H†H
non-minimally coupled to the metric and of the other
Standard model fields denoted by ellipses. Quantization
of this theory, which we perform in the original Jordan
frame3, results in the effective action of the gravitating
Higgs model (75) and the effective action of the CFT
sector (3)
SEH+SM [ gµν , H, ... ]→ ΓHiggs[ gµν , ϕ ], (86)
SCFT [ gµν , Φ ]→ ΓCFT [ gµν ]. (87)
Now we rewrite the Higgs effective action in the Ein-
stein frame of fields gˆµν and φ according to (79) and
take it on the FRW background, ΓˆHiggs[ gˆµν , φ ]|FRW =
ΓˆHiggs[ aˆ, Nˆ , φ ]. Then it reads as a classical part of the
action (21) but in terms of the Einstein frame scale fac-
tor aˆ and lapse Nˆ and with quantum corrected potential
Vˆ (φ) of the above hill-like shape,
ΓˆHiggs[ aˆ, Nˆ , φ ] = m
2
P
∮
dτ Nˆ
{
− aˆaˆ′2 − aˆ
+
aˆ3
3M2P
(
Vˆ (φ) +
1
2
φ′2
)}
, (88)
aˆ′ =
1
Nˆ
daˆ
dτ
, φ′ =
1
Nˆ
dφ
dτ
. (89)
The CFT quantum effective action which was ob-
tained on the FRW background in the original Jor-
dan frame by the conformal transformation method,
ΓCFT [ gµν ]|FRW = ΓCFT[ a,N ], has the following form
in terms of the original a and N
ΓCFT[ a,N ] = Bm
2
P
∮
dτN
(
a′2
a
− a
′4
6a
+
1
2a
)
+F (η), a′ =
1
N
da
dτ
. (90)
Now we have to rewrite this CFT action in terms of the
Einstein frame variables, ΓCFT[ a,N ] = ΓˆCFT[ aˆ, Nˆ , φ ],
so that the full effective action – the sum of (88) and
3Quantization of scale invariant theories in the Einstein frame
with the asymptotically shift invariant inflaton potential, al-
legedly, stabilizes radiative corrections [32]. Flatness of the
potential, however, results not only in the smallness of ver-
tices, but also makes the theory effectively massless. This
undermines the gradient expansion which is a corner stone of
the Higgs inflation model and brings to life strong infrared
effects [33]. This and the other properties of shift-invariant
potentials in the Einstein frame make us to prefer quantiza-
tion in the Jordan frame.
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(90) will be parameterized in the Einstein frame. Under
the replacement
a2 =
M2P
2U
aˆ2 ≃ M
2
P
ξϕ2
aˆ2, N2 =
M2P
2U
Nˆ2 ≃ M
2
P
ξϕ2
Nˆ2, (91)
(in which we disregard logarithmic corrections in U or
absorb them in the running coupling constants) the con-
formal time remains unchanged in view of its local con-
formal invariance, η =
∮
dτN/a =
∮
dτNˆ/aˆ, and only
the derivative of the scale factor undergoes the transi-
tion
a′ =
√
U
d
Nˆdτ
aˆ√
U
≃ aˆ′ − aˆ
ϕ
dϕ
Nˆdτ
= aˆ′ − φ
′
√
6MP
aˆ. (92)
This can be interpreted as as an additional contribution
of the conformal anomaly due to the transition from the
Jordan frame to the Einstein frame.
For a slowly varying scalar field,
|φ′|√
6MP
≪ |aˆ
′|
aˆ
, (93)
this contribution is small, so that ΓˆCFT[ aˆ, Nˆ , φ ] ≃
ΓCFT[ aˆ, Nˆ ], and the full action ΓˆHiggs[ aˆ, Nˆ , φ ]
+ ΓCFT[ aˆ, Nˆ ] takes the form of the minimally coupled
inflaton action (21) in terms of hatted variables. One
can apply to it the above analysis. The additional re-
striction |a˙|/a ≫ |φ˙|/√6MP (we omit hats from now
on) implies the bound
∆2φ
M2P
µ2
H2
≪ ∆
2
ε
. (94)
This is stronger than the bounds (51) and (52). On
account of the first bound (48), µ ≫ ω∆ or ∆2/ε ≪
µ2/H2, it takes the form
∆2φ
M2P
≪ 1. (95)
This suppresses ǫ in (64) even below its value in the
Starobinsky or Higgs inflation models and makes the
estimate for the spectral parameter ns even less sensi-
tive to the value of ǫ.
5 CFT driven cosmology and the Starobinsky
R2 model
Non-minimal Higgs inflation model is very similar to
the Starobinsky R2-model [6] from the viewpoint of in-
flation theory predictions [34]. Here we will show that
inclusion of this R2-model into the full action of the
CFT cosmology is very important because it not only
supplies a dynamical degree of freedom with the hill like
inflaton potential, but also provides the theory with a
necessary finite renormalization (11) of the trace anomaly
coefficient α.
Note that the contribution of the conformal anomaly
to the effective actions (6) and (21) originates from
the Wess-Zumino procedure of integrating the trace
anomaly (10) along the orbit of the conformal group
gµν = e
σ g¯µν . The resulting Wess-Zumino action for σ
is just the difference of effective actions calculated on
two members of this orbit gµν and g¯µν . It reads [35]
ΓCFT [ g ]− ΓCFT [ g¯ ] = 1
64π2
∫
d4x g¯1/2
[
γ C¯2µναβ
+β
(
E¯ − 2
3
¯R¯
)]
σ
+
β
64π2
∫
d4x
[
g¯1/2 σD¯σ − 1
9
g1/2R2 +
1
9
g¯1/2R¯2
]
− α
384π2
∫
d4x (g1/2R2 − g¯1/2R¯2), (96)
where all barred quantities are built in terms of g¯µν
and D¯ is the barred version of the fourth-order Paneitz
operator D = 2 + 2Rµν∇µ∇ν − 23R+ 13 (∇µR)∇µ.
This expression has an important property – with
α = 0 the only higher order (quartic) derivatives of
σ, contained in the combination g¯1/2σD¯σ − 19 g1/2R2
in the second line above, completely cancel out, and
the resulting Wess-Zumino action does not acquire ex-
tra higher-derivative degrees of freedom [16]. With a
nonzero α the same property holds for the renormalized
action ΓRCFT [ g ] in (11). The increment of this action
along the orbit of the local conformal group becomes
α-independent and acquires the following minimal form
ΓCFT [ g ]→ ΓRCFT [ g ] = ΓCFT [ g ]
+
α
384π2
∫
d4x g1/2R2(g). (97)
The increment of this action along the orbit of the local
conformal group becomes α-independent and acquires
the following minimal form
ΓRCFT [ g ]− ΓRCFT [ g¯ ] =
γ
4(4π)2
∫
d4xg¯1/2 σ C¯2µναβ
+
β
2(4π)2
∫
d4xg¯1/2
{
1
2
σE¯ −
(
R¯µν − 1
2
g¯µνR¯
)
∂µσ ∂νσ
− 1
2
¯σ (∇¯µσ ∇¯µσ)− 1
8
(∇¯µσ ∇¯µσ)2
}
, (98)
where again all barred quantities are built in terms of
the metric g¯µν . On the FRW background spacetime of
S1 × S3-topology with the metric (4) and conformally
related metric of the Einstein static universe ds¯2 ≡
ds2/a2 = dη2 + dΩ2(3), dη = N dτ/a, this difference of
effective actions – the conformal anomaly contribution
to (6) – equals(
ΓRCFT − Γ¯RCFT
) ∣∣
FRW
= Bm2P
∫
S1
dτ N
(
a′2
a
− a
′4
6a
)
. (99)
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Another part of the full CFT action in (6) is the
effective action of CFT fields on the Einstein universe,
which consists of the free energy F (η) and the linear in
η contribution of the Casimir energy E0. Prior to the
finite renormalization (11) it equals
ΓCFT [ g¯ ]
∣∣
FRW
= F (η) + E0η, E0 =
3
8
(
β − α
2
)
, (100)
where a particular dependence of the Casimir energy on
the coefficients of the conformal anomaly was observed
in the cosmological context [22] and universally derived
in the class of conformally-flat spacetimes from the nor-
malization of this energy to zero in flat spacetime [25].
4 Since (α/384π2)
∫
d4x g¯1/2R¯2 = 3αη/16, the renor-
malization (11) also leads to the renormalization of the
Casimir energy
E0 → ER0 ≡
3
8
β =
Bm2P
2
, (101)
which acquires a particular value ∼ B/2 corresponding
to α = 0. This value of ER0 contributes to the full action
of the model (6), and it is essentially responsible for the
particular properties of the garland instantons [16,36].5
This is, of course, equivalent to the well-known state-
ment that the coefficient of R in the trace anomaly
can always be renormalized to zero by the counterterm
quadratic in Ricci scalar [37], which is admissible from
the viewpoint of UV renormalization due to its locality.
However, we want to emphasize here that this renormal-
ization results in twofold consequences – CFT quantum
corrections preserving the non-dynamical nature of the
scale factor and a particular value of the Casimir en-
ergy ∼ Bm2P /2 = 3β/8 which universally expresses via
the topological (Gauss-Bonnet) coefficient in the con-
formal anomaly. In this respect, ΓCFT in the formalism
of Sects.1-4 above should be everywhere labeled by R,
which implies that this is the renormalized action which
incorporates these properties. Below we show that this
finite renormalization can be enforced by the inclusion
4Flat spacetime can also be connected to the Einstein uni-
verse by another special conformal transformation, the rele-
vant vacuum stress tensors being related via the conformal
factor of this transformation. This gives the dependence of
E0 on β and α [25].
5This value of the Casimir energy guarantees that the limit-
ing case of the garland instantons with the radiation constant
C → 0 corresponds to chains of “touching” exact spheres S4
whose contribution is suppressed to zero by infinite positive
effective action [36]. This suppression excludes the infrared
catastrophe of the Hartle-Hawking no-boundary state lead-
ing, as is well known, to the anti-intuitive conclusion that
the quantum origin of an infinitely large universe is infinitely
more probable than that of the finite one. Other values of
the Casimir energy would lead to conical singularities in this
set of instantons and would leave the resolution of this issue
ambiguous.
of the Starobinsky model R2-term as a part of the full
action.
Indeed, the renormalization (11) can be viewed as a
replacement of the Einstein-Hilbert action by the action
of the Starobinsky model [6] with the coupling constant
ξ of the curvature squared term
SEH [ gµν ] ≡ −M
2
P
2
∫
d4x g1/2R → SStarξ [ gµν ],
SStarξ [ gµν , ϕ ] ≡
∫
d4x g1/2
(
−M
2
P
2
R− ξ
4
R2
)
. (102)
This allows one to rewrite the full action of the theory
with a generic set of conformal fields as a combination
of the Starobinsky model with a particular value of the
coupling constant ξ = α/96π2 and the renormalized
CFT action of the non-dynamical dilaton a2 = eσ,
Γ ≡ SEH + ΓCFT = SStarξ
∣∣
ξ=α/96pi2
+ ΓRCFT . (103)
In its turn the Starobinsky action, which contains an
additional conformal degree of freedom, can be rewrit-
ten in terms of the scalar-tensor theory with a non-
minimal curvature coupling of the auxiliary scalar field
ϕ,
SStarξ [ gµν ] → SStarξ [ gµν , ϕ ]
=
∫
d4x g1/2
{
−M
2
P
2
(
1 + ξ
ϕ2
M2P
)
R +
ξϕ4
4
}
. (104)
On the solution of the equation of motion for ϕ this
scalar field expresses in terms of the scalar curvature
ϕ2 = R and, thus, recovers the original purely metric
representation of the Starobinsky model. This brings us
to the equivalent formulation of the full effective action
as
Γ [ gµν, ϕ ] = S
Star
ξ [ gµν , ϕ ]
∣∣
ξ=α/96pi2
+ ΓRCFT [ gµν ].
(105)
Naively here the field ϕ does not have a kinetic term,
though of course it is hidden in the non-minimal cou-
pling of ϕ to gravity. Transition to the Einstein frame
according to (81) with G = 0 and U = (M2P + ξϕ
2)/2
gives the relation between the Jordan frame fields and
those of the Einstein frame φ and gˆµν and the Einstein
frame potential Vˆ
1 + ξ
ϕ2
M2P
= e
2| φ |
MP
√
6 , gµν = e
− 2|φ |
MP
√
6 gˆµν , (106)
Vˆ =
1
4
ξϕ4(
1 + ξϕ2/M2P
)2 =M4P4ξ
(
1− e−
2|φ |
MP
√
6
)2
. (107)
Here the modulus of φ is chosen in order to cover the
range of negative ϕ by negative values of φ.
If the slow roll condition (93) holds, then this tran-
sition leaves the CFT part of the action unchanged sim-
ilarly to the case of the Higgs inflation model discussed
13
above. Therefore, on the FRW background the action
(105) takes the form of our original effective action
(21)(where a and φ are understood as hatted Einstein
frame variables) with the minimal dynamical inflaton
having the potential (107). This potential is asymptoti-
cally shift invariant at large φ, but logarithmic radiative
corrections render it a hill-top shape by the mechanism
discussed in the previous section. Thus, we can apply
the dynamical inflaton scenario considered above.
Moreover, the inclusion of the Starobinsky model
becomes indispensable if we put forward as a guiding
principle a necessity to preserve the garland instantons
and their dynamical inflaton generalization. This is be-
cause its R2 term is the only means to render a non-
dynamical nature of the dilaton (scale factor) mode and
a particular value of the Casimir energy ∼ B/2. The
restriction on the CFT model for this to hold is the
positivity of the overall value of α. It is necessary for
the positivity of ξ in (102) – an admissible range of ξ
providing unitarity – absence of ghosts in the Starobin-
sky model (quite paradoxically corresponding to a neg-
ative definite Euclidean R2-action). This restriction is
rather mild, because for low conformal spins α is dom-
inated by a positive contribution of vector particles
which should only be not outnumbered by scalar bosons
and fermions,
α =
1
90
(− N0 − 3N1/2 + 18N1), (108)
where N0, N1/2 and N1 are the numbers of scalar, spinor
(Weyl) and vector particles respectively.
Another restriction follows from the observation that
the inflaton potential plateau in (80) has over-Planckian
scale 24π2M4P /α, because, in contrast to the Higgs model,
ξ = α/96π2 is small for a typical overall value of α =
O(1). This difficulty can be circumvented by demand-
ing a large value of α ≫ 24π2, which requires either
a huge number of vector bosons or higher spin con-
formal particles (see below). Another possibility is to
start, from the very beginning, instead of (105) with
the model consisting of the large ξ Starobinsky model
and the CFT theory
Γ ≡ SStarξ + ΓCFT = SStarξ+α/96pi2 + ΓRCFT , (109)
so that even with the negative total α the sub-Planckian
bound on Vˆ ,
Vˆ =M4P
( 1− e−2|φ|/MP
√
6 )2
4ξ + α24pi2
, (110)
would imply the bound on ξ, 4ξ + α/24π2 ≫ 1. Then
Eq.(109) can be interpreted as the way R2-gravity plays
its double role – part of it performs finite renormaliza-
tion of α to zero, ΓCFT → ΓRCFT , while the rest of it
generates a dynamical inflaton feeding the CFT sce-
nario with the potential (110).
Needless to say that a similar mechanism can be
attained by using a pure R2 term in Eqs.(102)-(105)
without the Einstein-Hilbert term. This would corre-
spond to a classically scale-invariant theory in which
the Einstein-Hilbert term arises by dimensional trans-
mutation due to quantum corrections – UV renormal-
izable models of this type (with additional R2µν terms
in the action) were recently considered in [38,39].
6 Hierarchy problem and higher spin conformal
fields
The major difficulty in the construction of a realistic
inflationary model via SLIH scenario is the hierarchy
problem. Its inflation scale H2 ≃ 1/2B requires the
parameter B to be exceedingly large in order to belong
to the sub-Planckian domain compatible with the CMB
data. When expressed in terms of the coefficient β of the
overall trace anomaly (10) the corresponding inflaton
potential read
V∗ = 3M2PH
2 ∼ 3M
2
P
2B
=
12π2
β
M4P . (111)
For the Higgs inflation with a large non-minimal cou-
pling ξ ∼ 104 the (Einstein frame) energy density at
the start of inflation is V∗ ∼ 10−11M4P [8], so that for
the total beta we must have
β ∼ 1013. (112)
In order to reach this value with the conventional low
spin particle phenomenology characteristic of the Stan-
dard Model one would need unrealistically high num-
bers of conformal invariant scalar bosons N0, Dirac fermions
N1/2 and vector bosons N1 in the expression for β
β =
1
180
(
N0 + 11N1/2 + 62N1
)
. (113)
Hidden sector of so numerous low spin and very
weakly interacting particles does not seem to be re-
alistic. However, unification of interactions inspired by
the ideas of string theory, holographic duality [40] and
higher spin gauge theory [41] suggests that this hidden
sector might contain conformal higher spin (CHS) fields
[42,43,44], so that the total value of β consists of the
additive sum of their partial contributions
β =
∑
s
βsNs. (114)
Recently there was essential progress in the theory of
these fields. In particular, it was advocated in [42,43]
that the values of βs can be explicitly calculated for
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conformal fields of an arbitrary spin s, described by
totally symmetric tensors and (Dirac) spin-tensors,
βs =
1
360
ν2s (3 + 14νs), νs = s(s+ 1),
s = 1, 2, 3, ... , (115)
βs =
1
720
νs(12 + 45νs + 14ν
2
s ),
νs = −2
(
s+
1
2
)2
, s =
1
2
,
3
2
,
5
2
, ... , (116)
where νs is their respective number of dynamical de-
grees of freedom – polarizations (negative for fermions).
Though these fields serve now basically as a playground
for holographic AdS/CFT duality issues and suffer from
the problems of perturbative unitarity, which is antici-
pated to be restored only at the non-perturbative level,6
it is worth trying to exploit them as a possible solution
of hierarchy problem in the CFT driven cosmology.
Strong motivation for this is that partial contribu-
tions of individual higher spins rapidly grow with the
spin as s6, so that the tower of spins up to some large
S generates the total value of β
β ≃ 7
180
∫ S
0
ds s6 =
S7
180
(117)
(for simplicity we consider only bosons and assume that
every higher spin species is taken only once, Ns = 1).
Therefore, in order to provide the hierarchy bound (112)
the maximal spin should be S ∼ 100, which corresponds
to the following estimate of the total number of particle
modes (polarizations) in the hidden sector of the theory
ν =
∑
s
νs ≃
∫ S
0
ds s2 ∼ 106. (118)
7 Conclusions
Thus, for a wide range of parameters satisfying the
bounds (40) and (53) the CFT cosmology with a dy-
namical inflaton having a hill-like potential has instan-
tons which are very close to the garland type solutions
of the model with a primordial cosmological constant.
These garland instantons are described by the approx-
imation of two coupled oscillators and generate a new
type of hill-top inflation depicted on Fig.2.
Exponentially high number of the garland instan-
ton folds m, corresponding to the upper bound on the
effective cosmological constant in the range (17)-(18),
6Lack of perturbative unitarity is associated with the fact
that CHS fields are not free from ghosts – their kinetic oper-
ator contains higher derivatives of order 2s. Manifestation of
this fact is the possibility of negative energies, negative values
of β like in the case of conformal fermions starting with spin
s = 3/2, etc.
guarantees smallness of slow roll parameters ǫ and η
beginning with their values ǫ∗ and η∗ at the Euclidean-
Lorentzian transition point. They turn out to satisfy
the relations ǫ ∼ η2 and η < 0, characteristic of the
well-known non-minimal Higgs inflation or Starobin-
sky R2 gravity models. Hill-like potential in these mod-
els can be generated by logarithmic loop corrections to
their tree-level asymptotically shift-invariant potential,
so that with the bounds (94) or (95) on the amplitude
and frequency of oscillations of cosmological instantons,
CFT cosmology can be regarded as a source of initial
conditions for the Higgs inflation with a strong non-
minimal coupling or the Starobinsky R2 gravity. The
bound (95) implies the relation ǫ ≪ η2 at the onset
of inflation, which even stronger bounds the tensor to
scalar ratio in the CMB signal of these models.
It was shown that the R2-gravity becomes indis-
pensable if we put forward as a guiding principle a ne-
cessity to preserve special properties of garland instan-
tons in the CFT scenario. This is because the R2 term is
the only means to render a non-dynamical – and there-
fore stable non-ghost – nature of the scale factor mode
and a particular value of the Casimir energy in (6) and
(13). In fact it plays a double role – a part of it serves as
a renormalization tool for the conformal anomaly effec-
tive action, while the rest of it contributes a dynamical
inflaton feeding the CFT scenario with the asymptoti-
cally shift-invariant potential which is converted by ra-
diative corrections to the hill-like shape.
A major difficulty with this scenario is the hierar-
chy problem between the subplanckian scale of inflation
and the CFT scale M4P /β. Possible solution consists in
invoking a hidden sector of conformal higher spin fields
which can generate a large value of trace anomaly co-
efficient β (see Eq.(112)). Though this mechanism of a
large β is very vulnerable to criticism regarding unitar-
ity problem, problem of naturalness and fine tuning, it
fits presently very popular ideas of string theory, higher
spin gauge theory [41] and holographic duality [42], and
it will be considered in much detail in the coming pub-
lication [45].
For the inverted quadratic potential (32) garland in-
stantons establish a strong correlation between a small
magnitude of the inflationary parameter |η| ≃ 0.02 and
exponentially high bound (68) on the number of gar-
land folds, m ≥ exp(π/
√
Bµ2) ≃ exp(π√2/
√
3|η|).
This is another serious difficulty of the CFT model,
which makes the admissible range of instantons exceed-
ingly narrow (73) and too close to the upper bound of
the cosmological constant range (17). In particular, this
makes thermal effects of primordial CFT radiation ab-
solutely negligible, because the thermal contribution to
the CMB red tilt ∆nthermals derived in [20] turns out
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to be exponentially suppressed by an exponentially high
value of m. In the l’th CMB multipole it approximately
reads [20]
∆nthermals (l) ≃ −
20 lm1/3
(3 β˜)1/6
exp
[
− 10 l
(3 β˜)1/6
m1/3
]
, (119)
where β˜ is the average value of β per one effective
conformal degree of freedom β˜ ≃ ∑s βsNs/∑s νsNs.
Smallness of this contribution for large m would unfor-
tunately destroy experimental verifiability of this model,
because the thermal pattern of the power spectrum –
temperature of the CMB temperature [20] – seems to
be the only observable effect which distinguishes den-
sity matrix intial conditions of the Universe from its
initial pure quantum state.
Fortunately, this problem can be solved by consid-
ering potentials more realistic than (32) with their con-
vexity |V ′′∗ | at the onset of inflation point being smaller
than the one at their top µ2 = |V ′′0 |. For such poten-
tials correlation between small |η| and largem no longer
holds, and the estimate for Bµ2 can be raised to yield
a moderate O(1) lower bound on m. This makes the
thermal tilt (119) largely determined by the value of β˜
following from the CFT particle content of the model.
Remarkably, for the tower of CHS fields up to S =
100, chosen above as a solution of the hierarchy prob-
lem, the estimate for the average value of β per one
conformal degree of freedom amounts in view of (112)
and (118) to the value β˜ ∼ 107 (we assume that each
higher spin species enters only once, Ns = 1). With this
value of β˜ and m = O(1) the thermal correction (119)
to the spectral index appears in its third decimal order,
∆nthermals ∼ −0.001, which is within the reach of a com-
ing technology. This means that a potential resolution
of the hierarchy problem via CHS fields simultaneously
makes measurable a thermal contribution to the CMB
red tilt, which is complementary to the conventional tilt
of the CMB spectrum [5].
The final remark regarding the CMB signal of the
CFT model is that its precise power spectrum has not
yet been found, except the thermal contribution (119)
found in [20]. Conventional dependence of CMB param-
eters on ǫ and η [5] might be modified by a nontrivial
speed of sound caused by nontrivial kinetic terms in
the effective action (98) – the issue subject to current
research [46].
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Appendix A.: (An)harmonic scale factor
oscillations
The parameters of the solution ε and ∆ =
√
1− 4CH2
in the inflaton model become slowly varying functions
of time in the vicinity of the upper boundary of the
triangular domain of Fig.1, ∆ → 0. However, the rate
of change of ∆ is much faster than that of ε, |ε˙| ≪ |∆˙|,
because
ε˙ = −2(1− ε)W a˙
a
, (A.1)
∆˙ = −1−∆
2
∆
W
a˙
a
≃ − 1
∆
W
a˙
a
, ∆≪ 1, (A.2)
where we used Eq.(31) which implies
H˙
H
=W
a˙
a
, (A.3)
W ≡ φ˙
2
2H2M2P
. (A.4)
Slow rate of change ofW during the period of oscillation
of a, τ− ≤ τ ≤ τ+, |W˙ | ≪ ω|W |, allows us to integrate
the above equation for ∆ and obtain in view of (37)
∆2(τ) = ∆2(τ+)−W ln a
2(τ)
a2+(τ+)
≃ ∆2(τ+) +Wy∆(τ) +W∆(τ+) +O(W∆2). (A.5)
Note that the quantities (16), a2± ≡ (1 ±∆)/2H2, via
H = H(τ) are now functions of time a± = a±(τ), and
a+(τ+) is a real constant – the maximum value of the
scale factor during a given period of oscillations. The
above quadratic equation can be solved for the quantity
λ ≡ ∆
W
(A.6)
in terms of the variable y running between the values
±1 during the individual period of the scale factor os-
cillations
λ(y) =
y
2
+
√
y2
4
+ λ+ + λ2+, λ+ ≡
∆(τ+)
W (τ+)
. (A.7)
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From this relation it follows that during this period of
oscillation λ (and correspondingly ∆) change from the
minimal value λ+ to the maximal value λ+ + 1,
λ+ ≤ λ ≤ λ+ + 1, ∆+ ≤ ∆ ≤ ∆+ +W. (A.8)
A fast change of∆means that the differentiated version
of the equation (37), a
2
B =
1+∆y
1−ε , takes the form
aa˙
B
=
1
1− ε
(
−1
2
∆y˙ +
W
2∆
y
a˙
a
)
, (A.9)
where we disregard ε˙ terms. Solving this equation with
respect to a˙/a we have
a˙
a
= −1
2
∆y˙
1− W2∆y
+O(∆2/W ). (A.10)
If we use this relation in Eq.(38) whose right hand side
in terms of y reads as
a˙2 =
∆2
2ε
(1− y2)
(
1 +O(∆/ε)
)
, (A.11)
then
y˙2 = ω2
(
1− y
2λ(y)
)2 (
1− y2) (1 +O(∆/ε)),(A.12)
ω =
√
2(1− ε)
εB
=
2H√
1− 2BH2 =
2H√
ε
, (A.13)
where ω is the same slowly varying in time frequency
as (43). This equation is the generalization of Eq. (39)
by the factor (1 − y/2λ(y))2 6= 1 taking into account
rapid variations of ∆. This factor which renders the
oscillations of y very anharmonic does not, however,
change the period of these oscillations
T =2
1∫
−1
dy
y˙
≃ 2
ω
1∫
−1
dy√
1− y2

1 + y√
y2 + 4λ+ + 4λ2+


=
2π
ω
. (A.14)
In the leading order approximation in ∆/ε≪ 1 this pe-
riod coincides with the period of harmonic oscillations
of (44) for any positive value of λ+. In fact, with λ(y)
given by (A.7) the equation for y(τ),
y˙√
1− y2

1 + y√
y2 + 4λ+ + 4λ2+

 = ω, (A.15)
can be easily integrated to give
y =
1
1+2λ+
− cos(ωτ)√
1 + 1(1+2λ+)2 − 21+2λ+ cos(ωτ)
=
(1 + 2λ+) sin
2 ωτ
2 − λ+√
λ2+ + (1 + 2λ+) sin
2 ωτ
2
. (A.16)
In the limit λ+ → ∞ this solution reduces to the har-
monic law (44), whereas for λ+ → 0 (that is ∆ ≪ W )
it reads as the function not differentiable at sin ωτ2 = 0,
y =
∣∣∣ sin ωτ
2
∣∣∣ . (A.17)
The range of τ where −1 ≤ y ≤ 0 in this limit shrinks
to these singular points with sin ωτ2 = 0.
Appendix B.: “Slow roll” Euclidean solutions
in CFT cosmology
“Slow roll” solutions in the Euclidean regime are anal-
ogous to the Lorentzian solutions, except that the scale
factor and the inflaton are oscillating instead of respec-
tively monotonically growing and decreasing, and the
scale factor oscillations are much faster than those of
the inflaton field. Oscillations of φ with a constant fre-
quency µ and rapid oscillations of a with a slowly vary-
ing frequency ω should be commensurable. Then the
integer number n of full oscillations of φ within the
time period T = 2πn/µ corresponds to m, m ≫ n, os-
cillations of a. The resulting total increase of the phase
of these oscillations by 2πm is given by the integral
2pin/µ∫
0
dτ ω(τ) = 2πm. (B.18)
For a constant ω this relation implies the commensu-
rability equality (54), but with a slowly varying ω(τ)
small corrections arise. By iterating the solution of the
exact equation
H2(τ) = H2∗ +
τ∫
τ∗
dτ ′
φ˙2
M2P
a˙
a
(τ ′), (B.19)
where H2∗ = H
2(τ∗) is the value of H at the beginning
of the full period τ∗ = 0 – the turning point of the
solution, one finds leading corrections in ∆ and ∆φ to
time dependent H2 and ε = 1− 2BH2,
H2(τ) ≃ H2∗ +
ω∗∆∗
4
∆2φ
M2P
µ2
(
sin2(µ− ω∗2 )τ
2µ− ω∗
− sin
2(µ+ ω∗2 )τ
2µ+ ω∗
+
sin2 ω∗τ2
ω∗
)
. (B.20)
Then one can estimate the total period of the instanton
in units of the conformal time. This period is the sum of
m contributions of individual periods of a-oscillations.
Each of them equals π
√
2εi, where εi is taken at τi be-
longing to the i-th individual period of duration ∆τi =
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Ti which according to Appendix A is equal to 2π/ωi
with ωi = 2Hi/
√
1− 2BH2i ,
η ≃ π
m∑
i=1
√
2εi = π
m∑
i=1
√
2εi
∆τi
Ti
≃ 1
2
∫ 2pin/µ
0
dτ ω
√
2ε =
√
2
∫ 2pin/µ
0
dτ H(τ). (B.21)
As a result the leading corrections to the frequency
commensurability equation (54) and η have the follow-
ing form
µm ≃ ω∗n
(
1− ∆∗
2ε∗
∆2φ
M2P
µ2
H2∗
n2
m2
)
, (B.22)
η ≃ πm√2ε∗
(
1− ∆∗
2
∆2φ
M2P
µ2
H2∗
n2
m2
)
, (B.23)
where all starred quantities are taken at τ∗. Suppression
of these corrections by the factor ∆∆2φ/M
2
P is obvious
from the dynamical equation (31) for H2, while the
extra suppressing factor n2/m2 ≪ 1 comes from inte-
gration of slow φ-harmonics modulated by rapid oscil-
lations of the scale factor. As we will see below, these
corrections of the magnitude
∆
ε
× n
2
m2
(B.24)
will be negligibly small, so that they can be discarded
in the leading order, and moreover the star labels of
H , ε and ∆ can also be omitted in this approximation.
Therefore, as in Sect.3.1 we have
µm ≃ ωn, η ≃ πm
√
2ε. (B.25)
From the definition of the variable ∆ and the boot-
strap equation (13) we have
H2 =
1−∆2
4C
=
1
2B
1−∆2
1 +R
, (B.26)
R ≡ 2F
′
Bm2P
, (B.27)
where R is the ratio of the thermal energy F ′/m2P to
the Casimir energy B/2. Therefore
ε =
R+∆2
1 +R
, (B.28)
and the admissible range of parameters ∆ ≤ ε implies
that ∆(1 +R) ≤ R+∆2 or
∆ ≤ R. (B.29)
From Eqs.(B.25) up to corrections O(∆2φ/M
2
P ×∆×
n2/m2) we obtain the closed equation for η,
η2
2π2m2
≃ R(η) +∆
2
1 +R(η)
, (B.30)
and the expression for H2
H2 =
1
2B
1
1 + 2n2/Bµ2m2
. (B.31)
Upon comparison with (B.26) this expression gives the
answer for the ratio
n2
m2
≃ Bµ
2
2
R+∆2
1−∆2 . (B.32)
Since n ≥ 1, this equation imposes the lower bound on
m,
m2 ≥ 2
Bµ2
1−∆2
R+∆2
, (B.33)
which in its turn can be rewritten as a bound on ∆
R2 ≥ ∆2 ≥
2
Bµ2m2 −R
2
Bµ2m2 + 1
, (B.34)
where the first inequality follows from (B.29). One can
show that the case of R ≤ 2/Bµ2m2 leads to the con-
tradiction, because the resulting value of R becomes too
high, R ≥ 1 − 2∆2, and violates the low temperature
limit R(η)→ 0 at η →∞. On the contrary, the case of
R ≥ 2
Bµ2m2
(B.35)
does not lead to new bounds except the positivity of ∆.
The further analyzes relies on the low temperature
limit of the free energy F (η) for large η, F (η) ≃ −N0e−ω0η,
where N0 is the number of lowest spin conformal fields
having the lowest value ω0 of the energy of field-theoretical
oscillator on S3 (ω0 = 1 for a spin zero conformal field).
In this limit the function R(η) becomes
R ≃ 8ω0
3η¯0
e−ω0η, (B.36)
and the solution of Eq.(B.30) with small R and ∆ and
a large m reads ω0η ≃ lnm2, so that
R ≃ ln
2m2
2π2m2
, (B.37)
which indeed tends to zero for large m→∞. Then the
above lower bound on R gives the exponentially high
lower bound on m,
m ≥ epi/
√
Bµ2 , (B.38)
and the exponentially low upper bound on ∆, R, ε and
the ratio n/m
∆ ≤ R ≃ ε ≤ 2
Bµ2
e−2pi/
√
Bµ2 , (B.39)
n
m
≤ e−pi/
√
Bµ2 . (B.40)
The above bounds are consistent with the admissi-
ble range (53) of µ vs ω, ω ≫ µ ≫ ω∆, which can be
rewritten as
1≫ µ
2
ω2
≃ n
2
m2
≫ ∆2, (B.41)
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or (in view of n2/m2 ≃ RBµ2/2)
2
Bµ2
≫ R≫ 2∆
2
Bµ2
. (B.42)
This is because the first inequality coincides with the
bound (B.39) for e−2pi/
√
Bµ2 ≪ 1, whereas the second
inequality holds because
2∆2
Bµ2
≤ ∆
4π4
(
2π√
Bµ2
)4
e−2pi/
√
Bµ2
<
∆
16π4
≪ ∆ ≤ R. (B.43)
Finally, these bounds justify the omission of leading
corrections (B.24), because in view of ε ≃ R we have
∆
ε
n2
m2
≃ R
ε
Bµ2
2
∆ ≤ e−2pi/
√
Bµ2 ≪ 1. (B.44)
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